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ABSTRACT 

Homology group of complexes of finitely generated projective modules are 
shown to be torsion groups, and a simplified proof of the vanishing of the 
cohomology groups n > 3 of insepaxable extensions is given. 

This paper contains results on two different topics concerning complexes of 
rings: 1) Homology groups for complexes of finitely generated projective R- 
algebras, and 2) Cohomology groups of inseparable extensions. 

The complexes of fields which have been introduced in [1], were extended by 
Rosenberg and Zelinsky to arbitrary commutative R-algebras, and their coho- 
mology groups have been studied. In [2], homology groups have been introduced 
using the notation of a norm but this could be applied only for free algebras and, 
in particular, for field extensions. Recently, O. Goldman [4] has given a satis- 
factory definition for determinant of endomorphisms of finitely generated projec- 
tive R-modules (R--a commutative ring). This seems to be the right background 
for defining a norm for arbitrary finitely generated projectives R-algebra $, and 
after proving the basic properties of this norm--the result on the homology 
group of [2] are generalized to this case. As a consequence it is shown that the 
cohomology group are of torsion groups with exponent depending on the maximum 
of the p-ranks of S, which are the dimension of the spaces S ® Rp where Rp is the 
local ring of quotients of R with respect to the prime ideals p of R. 

The second part contains a different proof of a result of Berkson [3] that 
Hn(F/C) = 0, n ~ 3 for inseparable extensions F of C of exponent 1. The proof 
is simpler and probably can be carried over to a more general case but no attempt 
has been made here. 

1. Determinants and Norms. Let E be a finitely generated ( f .  g) projective 
R-module, and u e Hom R (E, E). I f  E is free then the determinant det ~ is a well- 
defined element of R, and in the general case we adopt Goldman's defintion ([4]) 
of the determinant which is obtained as follows: 

Let E ~ E 1 = F, and F a f.g. free R-module. I f  e 1 denotes the identity trans- 
formation of E 1 and ~t = • • et, then set det cc = det ~1 where the latter is defined 
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in the classical way. It is show n in [4] that det ct is independent on E1 or F and it 
has most of the properties of the determinant. 

Let R[x] be the ring of polynomials in one indeterminate over R, then the 
characteristic polynomial of ~ is defined as de t (x-c t®l)=q~(c~ ,E,x) ,  where 

® 1 is the R[x] endomorphism of E ® R[x]. 
If  p is a prime ideal in R, and Rp is the local ring of R at p, then E ® Rp is free 

of finite rank--which is called the p-rank of E. We shall use the following result 
on the characteristic polynomial of the zero ([4, Proposition 2.2, Theorem 3.1]): 

(1.1) (a(O,E,x) = ~ eix i, 
i = 0  

where the ej are mutual orthogonal idempotents and 1 = ]~ei. For every prime 
ideal p, there exists exactly one ej 6 P, and then the p-rank of E is j ;  and for each 
ej # 0 there exists a p such the p-rank of E is j. 

We shall need the following additional properties of the determinants: 

PROPOSITION 1 : (a) ~b(a, E, O) = det ( - ct). 

(b) For every ). ~ R, qS(0t - 2, E, x) = ~b(ct, E, x + 2). 

(c) I f 2 e F  then det2 = ]~,"=o ei 2~. 

Proof. The basic tool in the proof is the application of [4. Proposition 1.4] which 
states: 

(1.2) If  f :  R ~ S is a ring homomorphism, and ~ ® 1 ~ Homs (E ® S, E ® S), 
where S is given the structure of an R-module by f ,  then det(~ ® 1) =f(det~) .  

Consider the homomorphism f :  R[x] ~ R given by setting f[~b(x)] = ~b(0), and 
then (E ® R[x']) @ R is identified with E, then det( - ~) = det [(x - ~ ® 1) ® 11 = 
= f .  det(x - ~@ 1) = $(~,E,0) which proves (a). 

The proof of (b) is obtained similarly by considering the homomorphism 
f l  : R[x] ~R [x ] ,  by setting f[~b(x)] = tk(x + ;t). Here (E®R[x])QR[x] '~ E®R Ix] 
by identifying v ® 1 ® ~b[x] with v ® q~[x] and Ix - ~ ® 1] ® 1 is identified with 
x + 2 - ~ ® l ,  since [ ( x - o ~ ® l ) ® l ] ( v ® l ® l ) = v ® x ® l - o w ® l ® l  
= v ®  l ® f x - ~ v ®  I ®  I = v ® l ® ( x  + 2 ) - ~ v ®  I ® I = v ®  1 ® x  
- (~ - 2) v ® 1 ® x so that applying (1.2) we obtain 

det(x - (~ - 2) ® 1) = f  det(x - ~ ® 1) = dp(ot, E,x + 2) 

which proves (b). 
The last result is a simple consequence of (a) and (b) obtained by setting ct -- 0, 

x = 0 and using (1.1). 
Next we turn to the notion of the Norm, and we consider henceforth two com- 

mutative rings S ~ R with the same unit, and such that S is f. g. R-module and 
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R projective. Let a e S and a,: u ~ ua be the R-endomorphism of  S obtained by 
multiplication by a. We define 

DEFINITION. Norm (S/R; a) = det at.  

The following properties of the Norm will be used: 

PROPOSITION 2. (a) Let S be an R-algebra, S' and R':algebra and tr: S ~ S' a ring 
isomorphism which maps R on R' then tr Norm (S/R; a) = Norm (S'/R'; tra). 

(b) Let E be a f.g. S-projective module, and • E Homs (E, E). Consider E also as 
an R-module, then E is f.g. and R-projective. I f  dets~, det~t  denote the deter- 
minants of  ct considered as an element of  Horns(E, E) and HomR(E, E) respectively, 

then 

detR ~ = Norm (S/R, dets ~t). 

ProoL Let R'  be given the structure of an R-algebra by tr, i.e., r • r '  = t r(r)r ' ,  
r ~ R and r ' e  R'. Then S ®a R'  can be identified with S' by setting s ® r '  = tr(s)r' 
and with this identification a, ® 1 = a(a)r. Hence, it follows by (1.2) that 

Norm (S'/R';  tr(a)) = det [a(a)r] = det (a, ® 1) = tr det a, = a Norm (S/R; a)(1) 
If  E is S-free and S is R-free then part (b) is well known ([6, Proposition 7, 

p. 140]). The general case will be obtained by reduction to the free case: 
First we note that E is also a f.g. projective R-module. Indeed, clearly it is 

f.g. over R; and if E @ E' = Y_,Su~ is free S-module, then since Su~ ~-S, and S is 
R-projective it follows that Su~ @ St is R-free for some R-module Si, and conse- 
quently E t~ E' ~) ]ES~ = ~,(Su~ O) Si) is R-free which proves that E is R- 
projective. 

Next we observe that it suffices to consider only free S-modules. For, assume 
that (b) holds for free modules, and E be an arbitrary projective module, then 
E ~ E'  = F and F a f.g. and free over S, for some E'. Then, ~x = ct ~ el and 
dets~ = dets ~1 by definition. 

It follows now by [4] proposition 1.5, that detR~l = detRctdetae~, and since e~ 
is the identity detRe~ = 1 so that detR~t = dets~. Hence 

dets • = deta ~1 = Norm (S/R; dets 0~1) = Norm (S/R; dets ~) 

since (b) was assumed to be valid for ~t.  

Consider now the element r = deta ~ - Norm(SIR; dets~t). Let . / / b e  a maximal 
idea in R, and R~  be the local ring at J [ .  Thus, S~ = S ® R/a is R.~-free and 
Eja = E ® R~ can be considered as an S~-module, and assuming that E is S-free 
then E.~ is also S~  free. 

(1) This simplified proof is due to the referee. 
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Let f :  R ~ R~  and its extension f :  S-* S ® R ~ .  It follows by (1.2) that 
d e t ~ ( ~ ®  1)=/(detRc0 and dets (~® 1 ) = f ( d e t s ~  ), where ~ ®  1 in both cases 
is taken as an endomorphism of E.~. Now E~, S~  are free over R~a, hence: 

Norm [S~/R.~; dets~ (~ @ 1)] = detR~ (ct ® 1). 

Consequently: 

f (r)  = f (det~ ~) - f Norm (SIR; det s ~) = detg~ (~ ® 1) 

= f (de t  [(dets ~), ® 1]) = dets~ (~ ® 1) - f [det [(dets 0t @ 1),] ] 

= detR~ (~ ® 1) -- Norm [S~ /R~  ; f (dets  ~)] 

= detR~ (~ @ 1) -- Norm (S.~/R~a ; dets~ ~) = 0 

This being true for every maximal ideal .///, yields by [4, lemma 1] that ~ = 0, 
which completes the proof of (b). 

A simple corollary of (b) is the transitivity property of the Norm: 

COROLLARY 3. Let T ~  S D R each f.g. and projective over the preceding ring 
then Norm (T/R; a) = Norm [T/S; Norm (S/R, a)]. 

2. Homology of Rings.. The complex C*(S/R) was defined in [2] for fields S 
which are extensions of R, with the aid of the Norm, and this can be extended to 
arbitrary f.g. R-projective rings S as follows: 

Let Sn= S ® ... @ S(n. . .  terms and ® taken with respect to R), the homo- 
morphism e~:S"- l~  S" are defined by setting: 

(2.1) e i ( a l ® . . . ® a n _ l ) = a l ® . . . ® a t _ l ® l ® a ~ ® . . . ® a ~ _ x .  

S n is also a f.g. projective eiS ~- Lmodule and we set 

(2.2) vi(a ) = e~ - 1Norm (S~/eiS ~- 1; a), a ~ (S~) * 

where ( )* denotes the corresponding multiplicative group of the invertible 
elements. 

The complex C*(S/R) is the sequence of groups, 

R , -  S*  , -  (S2)  * , -  . . .  , -  (Sn) * - .  ( S ~ + b  * 

with the derivation d : (S~) * --> (S n- 1). defined by: 

.~" (a)  = [ v l ( ~ )  v~C,~) -.. ] Ivy(a)  ~ ,  - . .  3 - ' .  

The last mapS* ~ R is ~ = Norm(S/R); • ). The Mappings ./ff are well defined 
since a is invertible and therefore, [4, Proposition 1.3] implies that vi(a)is invertible 
and so vi(a ) -  i exists. 
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The following relations hold between the v~, ei : 

LEMMA 4. (2.3)ViVj = VjVi+I for  i > j  

(2.4) eivj = Vj+le t for  i < j and 

e,~vj = vj~t+l fo r  i > j. 

147 

a ~ S" will yield: 

det (8ia)r 

s t det a, 

= Norm (S" + 1/ejS"; e:a) = ~jvfi(a ) 

= ei Norm (S"/sjS" ; a) = eiajvj(a). 

Hence, ejvjei(a ) = eiejvj(a ) = ejei_lvj(a ) which yields by cancelling ej the second 
part of (2.4), by replacing i - 1 by i. 

The property (2.3) yields as in [2] p. 4, the fact that C. (S /R)  is a complex, and 
thus the homology groups H,(S /R)  are well defined for arbitrary f.g. R-projective 
modules S. 

Next we show that the 'restriction' and 'transfer' work for the general case as 
well. 

Let T be an algebra which is a f.g. projective R-module, then the restriction 
p * : H , ( S / R )  ~ H , ( S ®  T / T )  was defined as the map induced by the complex 
homomorphism p : C, (S /R )  ~ C . ( S  ® T / T )  where p : S" ~ S" ® T is given by 
p"(a) = a ® 1, followed by the isomorphism of the complexes C.(S /R ,  ® T)  and 
C , ( S ®  T[T) ,  where the first consists of the groups ( S " ® e T ) *  and the latter 

The proof of (23) follows similarly to the proof of (1.7) of [2] using the transi- 
tivity of the Norm which holds also in our case by Corollary 3. 

To prove (2.4), we use the relation 

(2.5) eiej = ej + leZ, i < j 

and (1.2) in the following situation: 
Consider S" as ejS n- 1 module, and first let i < j ,  then it follows by (2.5) that ei 

induces a map of : ejS ~- 1 ... e j+ 1S". Apply now (1.2) with f = ei and E = S" then 
we have det(ela)r = e ide ta ,  for a e S ~. Since a ® 1 in our case is readily seen 
to be e~a. Thus: 

det (eta), = Norm (S ~ + 1/ej + 1S", eia) = e j+ ivy + 18i(a) 

eideta, = e iNorm(S" /e jS" ,a )=e i s jv j (a ) .  

Hence by (2.5) we get: e j+ aVj+ tei(a) = eiejvj(a) = ej+ teiva(a). Cancelling ej+ a of 
both sides yields the first part of (2.4). 

The second part follows similarly: 
Let i > j ,  so that (2.5) yields eiej = eyet- 1 by interchanging i with j +  1 and j with 

i. Here el: ~jS "-x ~ e j S  "-x,  and as before the relation det(e~a), = ei det a~, 
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consists of the groups [(S @e T)T]* with the obvious derivations. The proof of this 
result as given in [2] depends on a choice of a base of the corresponding modules 
and in our case it will be replaced by (1.2). 

THEOREM 5A. The mappings a ": S" ® T ~ (S ® T)~ given by 

~ " ( S l ® . . . ® s , ® t ) = ( s l ® l ) ® r . . . ® r ( S , ® t ) ,  st~S, 

t ~ T  yield a complex isomorphism ~r: C(S /R® T ) ~ C ( S ®  T/T) and the 
mappings p" : S ~ ~ S" ® T, given by p"(a) = a ® 1 yield a complex homo- 
morphism p : C,(S/R) --, C,(S/R, ® T). 

The first part is an immediate consequence of the fact that a is an isomorphism 
which commutes with the 8j, and part (a) of proposition 2 yields 

cr[Norm (S" ® T/S"- 1 ® T, a)] = Norm ((S ® T)"/(S ® T)n- ~, aa) 

from which we readily verify that av~ = v~a. In the proof of the second part we 
apply (1.2) to the homomorphisms p~ : eiS "- 1 ~ eiS n- 1 ® T which replaces f and 
S being considered as an e~S"-1-module. Thus we get: 

det pa = det (a ® 1) = p det a, a e S" 

from which it follows that Norm (S n ® T/(eiS"- i ® T); a) = p[Norm (S"/eiS "- 1; a)], 
and since e, commutes with p, one readily verifies that p is a complex homo- 
morphism. 

The map ~: C(S/R, ® T) ~ C(S/R)(2) is defined by z"(a) = Norm (S" ® T/S ~, a) 
for a e S ~ ® T ,  and it yields the transfer map (Ta-x)*:H(S® T / T ) ~ H ( S / T ) .  
This is also true in the general case as we show that: 

THEOREM 5B. ~ is a complex homomorphism. 
Indeed z commutes with Ca; for apply (1.2) with e j : S " ~  S "+~ and E = Sn® T, 

so that E ®  S "+1 = S "+1 @ T since S "+1 is considered as S~-module with the use 
of ej. Thus (1.2) implies that deteja = Norm (S"+1® T/S"+1; eia) = ~ 
Norm (S ~+ 1/S"; a), i.e., ~ej = ejz. 

The proof of zv~ = vjx follows as in [-2, p. 6] with the use of the transitivity of the 
Norm (Corollary 4). 

REMARK. Theorem 2.6 of I'2] considers also the homomorphism # : S ® T ~ T 
when T _ S, and it is given by/z(j ® t) = it. Nevertheless, # induces only a homo- 
morphism for the cohomology groups: H*(S® T / T ) ~ H * ( S / T )  and the proof 
for homology group fails. 

The relation between the transfer and restriction, namely, that x'p* = dimension 
of S over R, is not true in this form. But: 

(2) This is defined for both C,(  , ) and C*( , ), and the results are valid for both homo- 
logy and cohomology groups. 
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THEOREM 5C. z*p*(a) = ~,eja ~ where the idempotents ej are given in (1.1). 

In particular, i f  all p-ranks of  S over R are n then z*p*(a) = a ~. 
This is an immediate consequence of (c) of proposition 1. 
An important application of the Norm is the following: 

THEOREM 6. I f  S is a f.g. projective R-algebra; and if  the p-rank of S is m for 
every prime ideal p of R then the elements of H(S/R)(2) are of order dividing m. 

In the general case if  m is the maximal p-rank of S, then the elements of H(S/R) 
are of order dividing m !. 

Proof. As in the proof of [-2] Theorem 2.10, we consider the homotopy 
v : S "+l ~ S", which is defined as v = v.+l = e.~l Norm (S"+l/e.+lS",a). It 
follows from (2.4) that e iv .= v.+lel, and therefore (when written additively): 

6 = Av. - v.+lA = ( ]~( - 1)it/)v. - v.+ i E (  - 1)½~ = ( - 1)"+lv.+le.+l 

where A: (S")* ~ (S"+~) * is the derivation of C*(S/R). Proposition 1 yields that 
v.+is.+l(a) = ~,eia ~ and if the p-rank S is m for every m, e,. = 1 and all ej = 0; 
hence v.+ xe.+ ~(a) = a"  which proves the first part of the theorem since v.+ le.+ 1 
is homotopic with zero. 

To prove the second part, we note that ~e~a~= Ab for some b since 

v.+ xe.+ l(a) = ~_,eia ~ and v.+ le.+ x is homotopic with zero. Now eieja = ejeia for 
e ,~R,  and let ivl = m!, thus set w = ]Ee, v v'. Clearly w has an inverse and 

Aw = ~,ei(Ab)"'= ]~ei(~ejaJ) ut= ~,eia m!= a mz. 

The proof for homology groups follows the proof of [2] theorem 2.10 using the 

homotopy e = e,+ l , and first observing that Nw = ~ei(Nb)U'sinceeyj(a) = v~(eia) 

for idempotents e i of  the base ring R, and finally considering S" = ejS" ~) (1 - ej)S" 
as modules over ejR @ (1 - ej)R. 

3. T h e  inseparable  case .  Let F be an inseparable field extension of  a field C of  
characteristic p. The purpose of  this section is to give an alternative proof  for the 
following theorem of Berkson [3]. 

THEOREM 7. Hk(F/C) = O for k >= 3. 
First we reduce the theorem to the case that F = C(~) is generated by a single 

element ~ satisfying an equation ~9 - c = 0. Indeed, if F is not of this form, then 

F = I D C for some K which is also inseparable over C, and F is inseparable 

over K. It follows by [5] Theorem 4.3 that there is an exact sequence. 

• .. ~ Hk(K/C) ~ Hk(K/C) -~ Hk(F/K) ~ H k +i(K/C) ~ . . .  

and a simple induction process on the degree of the extensions will yield that 
Hk(K/C) = Hk(F/K) = 0 for k ->_ 3; hence, the exactness yields that Hk(F/C) = 0 

for k ~ 3 .  
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In case F = C(~), then the mapping It : F ® F ~ F given by #(a ® b) = ab has 
a kernel N which is an 1 ® F = F-algebra generated by the single element 

= ~ ® 1 - 1 ® ~; furthermore N p = 0 and Hk(F/C) = 0 for k > 3 is a consequence 

from the following general result: 

LFMMA 8. Let S be an R-algebra of characteristic p # 0 for which the map 
R ~ S splits as an R-module map. Let It: S ®  S --* S be the multiplication homo- 
morphism i.e., I~(a ® b) = ab, and let N=Ker i t .  I f  N p = 0 then Hk(S/R) = 0 for 
k>=3. 

ProoL Consider the complex CI(S/R): 

( s 2 )  * * - ,  ( s b *  - * - . .  

which is obtained from C*(S/R) by chopping its first term S. Let It = Iti : Sk ~ sk-  l 

(k > 2) be given by: pl(al @ a z @ a3 ® "" ® an) = ala2 @ aa ® "'" ® an ; that is, 

It1 = # @ 1 @ - - . ® 1 .  
First we show that ~1 yields the following exact sequence: 

(8.1) 1 ~ (1 + ~ r ) ,  ~ C~(S/R) Its, > Cx*(S/R, ® S) ~ 1 

and where we denote by C*(S/R, @ S) is the complex composed of  the groups 
S* ~ (S @ S)* ~ (S ® S 2)* -* . . .  -~ (S ® S k- 1), ~ . . .  with the derivation is given 

by (written additively) A 1 = 5 2 -  53 + "" _+ 5n and thus does not affect the 

first term; and (1 + ~t/') * = Ker It1 is the complex: 

(8.2) (1 + N)* ~ (1 + N @ S)* ~ . . -  ~ (1 + N ® Sk-2) * ~ " "  

Indeed, since #~51 = Itle2 and pxSi = 5i- 1 for i >= 2, it follows that 

/Z lA = p1(51  - 52 "1 ~ 53 - -  54 + " " )  = (52 - 53 -I- " " ) i t 1  = A I I t l  

and hence /q is a complex homomorphism, and from which we get the exact 
sequence (8.1). 

I t  follows now by [2] theorem 2.9 that the homology groups of  CI(S/R, ® S) 
are zero; hence, the exactness of  (8.1) yields that 

Hk[(1 +,/ff)*] ~ Hk[cI(S/R)] = H k+ 1(S/R). 

The latter follows from the fact that the groups of Cx(S/R) are those of  C*(S/R) but 

shifted by 1. 

To compute Hk[(1 + ~4r) *] we pass to an additive complex d/" by considering 

the following two maps(a): 

(3) This method is the same as in [l,p, 103], but there it was misused (as pointed out by 
Zelinsky-Rosenberg) since generally E and L have not the standard properties of the exponential 
and logarithm, even if every element is nilpotent of exponent p. Nevertheless, these properties 
hold if Np = 0 and when this assumption is not applicable, a different method for compu- 
tation should be applied. 
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For every n • N ® S k - 2  ( k  ~ 2), we define: 

n2 n p - 1  
E(n) = 1 + n + ~. + . . .  + ( p _  1)! 

we define 

/,12 r i p - 1  

T L ( l + n ) = n -  + . . . + ( - 1 ) P p  
1 
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and we prove first that E maps the additive group of Nk = N ® S k-2 onto the 
multiplicative group (1 + Nk)*, and its inverse is the map L. 

Consider the ring of power series in two indeterminates t, s with coefficients in 
the field Q of all rational numbers, and let 

t v 
Expt = ~  ~.v and Log (l + t) = ~ ( - 1 )  v-t t-~ 

v=O v=O V 

then we have 

Exp t .  Exps = Exp(t + s) and Log(1 + t) + Log(1 + s) = Log([l  + t)(1 + s)] 

and ExpLog(1 + t) = 1 + t, Log Expt = t. 
Now, E ( t ) = E x p t - R ( t ) ,  L(1 + t )=Log(1  + t ) -  S(t), where R(t) and S(t) 

are power series in t containning powers of t with exponents > p. Thus, (8.2a) 
E(t)E(s) = [Exp t -  R(t)] [Exp s -  g(s)] = Exp (t + s) + U(t, s) =E(t + s) + V(t, s) and 
V(t, s) =R[t + s ] - R ( t ) E x p s - E x p  t • R(s)+R(t)R(s) - 0 (mod[t p, sP,(t + s)P]). 
Hence identifying coefficients of both sides of (8.1a) we get that 

E(t)E(s) = E(t + s) + Z 2~t's ~ 
i+j~_p 

and the coefficient 2~j are rational numbers. The coefficient on the left side do not 
have denominators prime to p, hence so are the 2 ; consequently the last equality 
will hold also in any algebra over a field of characteristic p. In particular, in our 
case, where N~ =0 ,  we obtain E ( n ) E ( m ) = E ( n  + m) as ~,~+j~p2ijn~mJ~N~ for 
n, m E N  k . 

Using the other properties of Exp, Log quoted above, one obtains the proof 
of the facts that L:(1 + Nk)* --} Nk and it is the inverse orE. 

By applying E on each of the component of the complex (1 + ~¥')* given in 
(8.2) we obtain that (1 +.A")* is isomorphic to the complex .A". 

(8.3) N - *  N ® S-* . . . - } N ® S ~ - *  ... 

whose groups are the additive groups Nk = N ® S k-2 and with a derivation 
6 =LA*E, where A* =~a+l  is the derivation of the multiplicative groups 
(1 + Nk)*. 
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Our next aim is to show that: 

(8.4) 6 = A + + ~ = 51 - -  8 2 q- 5 3 "'" all- ( - -  1)ks~ + X 

and where 

v - 1  1 [ 1 
2(n) = ]~ ( - 1)" (e~n)~(82n) ~-~ ~ = -~jr(5~ - 82)] v - (~n)  p) 

,-~1 v!(p - v)! 1"" 

+ 

and the last equality is to be considered only in a formal way, where the binomial 

expansion and division by p t should be applied first. 

Indeed, if q ~ 1 + N ® $ ~-2, then 5jq for j > 3 belongs to 1 + N ® S k-1 since 
#15j = 5~/q ; but elq will not necessarily belong to 1 + N ® S ~-1. Nevertheless, 
the relation p : l  = ~152 implies that (51q)(82q) -1  E Ker/t  I = 1 + N ® S k- l  ; hence 
8152-1: I + N ® S k - 2 ~ I + N ® S  k-1. Thus for every m e N ® S  k-2 we have 
E m i l  + N ® S k- 2 and f o r j  > 3 L ~ sjEm = LEejm = sjm. 

Consequently 

(8.4a) ~m = LA*E(m) = (L51e~IE)(m) + 5s(m) - + ."  + 5k(m) = 

= (L815; I E) ( m )  -- (51 -- 82) m -}- A ( m )  = 2 ( m )  + A (m) 

where 2 = L515z- IE - (st - t2). Finally we show that 2 has the form given in (8.4). 
To this end we consider two commutative indeterminates t, s over a prime field 

GF(p) of  p elements. Let: 

(8.4b) L(Et .  Es) = Q[t, y] + xVM, + yPM~ 

where Q contains all monomials of degree at most p - 1 in t and the same in s and 
Mr, Ms contain the other terms. Let D = (d/dO be the formal derivation with 
respect to t, then note that D j  p = 0 in a ring of characteristic p. Apply D on both 

sides of  (8.4b) and obtain: 

[ P-' (E t .  E s - 1 ) ' . ]  
DQ[t, s] + t 'OM,  + sPDM, = D L(EtEs)] = O ~, ( -  1)*- 1 

1 "# 

p - 1  

= ~ ( - 1 ) ' - l (E t  • Es - 1 ) ' - ID lEr  • Es - 1]. 
1 

Now, D ( E t ) = E t - ( t P - l / ( p  - 1)!). Hence we obtain the following relation 
modulo ( F -  x, s p): 

p-1  p -1  
DQ =- Y~ ( - 1 ) ~ - l ( E t  " Es - 1 ) ~ - l E t  • Es  = ~, ( - 1 ) ' - I ( E t E s -  1 )  " - 1  

1 1 

= 1 - ( 1  - EtEs)  p -  1. 
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Next we use the relation, (u + v) v- 1 = 
(u + v)p uV + v p p - I  ~ ~ ~ uv/) p - I - v  

u + t ~  U + t ~  v=o  

(which holds in every ring of characteristic p), and the properties of E, to obtain 
that rood (t p- 1, s p ) 

DQ= I - ( 1 -  EtEs) p- I ~ I - 
p - 1  p - I  

~, (Et"  E s ) ' =  1 - ~, E(vt)" E(vs) 
v=O v=O 

p- I  p-1 (vt)~ (vs)h t~s h p - t  
1 -  1 + Z Z Z E v ~+h 

v=l  k,h=0 k! hi ~ ,=x " 

But ]~ ] - J v  k+h =(modp)  only if k + h = 0 (p - 1). Thus, the last sum will 

contain possible non zero terms when k + h --- 0, p - 1, 2p - 1. The first is equal 
to 1 and the last is a term containing monomial of degree p - 1 in x. Hence 

tk $ h 
DQ = 1 + ~, k~.h! mOd(tV- l ,  sV). 

k + h = p - 1  

We actually have here an equality, since DQ contains only monomials of degree 
=< p - 2 in t and of degree = p - 1 in s. Hence, by integrating, it follows that 

tk+ 1 sk 

Q = t + ~ (k + 1)!hi + f ( s )  
k + h = p - 1  

and where f does not contain monomials in t. It follows immediately from the 
de finition of Q in (8.4b) that it must the symmetric in t and s, so we must have 

f ( s )  = a 

p - I  
Q[t,s]  = t  + s + 

v = l  

1[ ]) 
v ! ~ - ~ !  = t + ,  + ~ ,  (t + , ) " -  t ' -  s" . 

the last form of  Q together with (8.4b) can be applied to our case, in the following 
way: 

set t = e , m ,  s = - e 2 m .  Since (elm)V=(e2m)P=O, w e  have [ E ( e 2 m ) ] - l = E ( - t z m ) ,  
and be (8.4b) 

(Lele- ~ XE) m = L[(e, IEm ) (f,2Em)- I] = L[ (E~ Ira) e ( -- e2m)] 

= Q [ e l m  , - e 2 m ]  

p - 1  
= e lm - e,2m + Z ( e l m ) ( -  e2m) p - '  

• =1 v ! ( p - v ) !  

and this completes the proof  of (8.4). 

Finally, we return to the computation of  the groups of  the complex given in (8.3): 
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Note that it follows by the formula for 2, that for every n e N and a ~ sk-2, 
2 ( n ® a ) = 2 ( n ) a  p ~ N ® S ® I ® ' ' ' ® I ,  since e~(n®a)=8~n®a for i = 1 , 2 .  
This being true for all generators of  N ® S k- 2 implies that the mapping 2 maps 
N ® S k-2  into the sub-ring N ®  S ® 1 ® ... ® 1 of  N ®  S k-1. Consider now the 

map t/: S -  R which splits the R-map: R-+ S and extend it to a contraction 

map t/: S--+ S k-1 by setting ~l(al ® " . ® a k )  = ( - - 1 ) ~ - t a 1 ® " ' ®  ak_t tl(ak). 
Then clearly ./ff maps N ® S k- 1 ._+ N ® S ~- 2 for k > 2; it does not affect the first 

two factors. 
One readily verifies that t/e i = ed/for i = 1,2, . . . ,k - 1 and r/e k ----- ( -- 1) k - t  . 

Hence, ~/A - A r /=  1. Moreover, /~;t = + 2 and 2 ~/(m) = ~ 2(m) for every 
m ¢ N ® S ® 1 ® ... ® 1. From which we conclude what if b e N ® S k-2 is a 

cocycle, i.e., fib = (A + 2)b = 0, then 

b + - = + 4 )  - ( A  + = - ( A  + 

Thus b is cohomologous to b o = ( t l 2 - 2 t l ) b e N ® S ® l ® . . . ® l .  So if 
b e N ® S  k-2 and k_>_3, we can choose in the class of  n of  Hk-Z(t/)  a repre- 

sentative bo in N ® S ® I ® . . . ® I .  But then again bov-Ol&-2t l )bo,  and 
for these elements (t/~ - 2~/)bo = + 2bo - 2bo = 0, which proves that 
b ~ bo "" 0, i.e., Hk-2(dff) = 0 for k > 4. 

Hence 0 = Hk-2(Jff)---H k-2 ((1 +a~ ' )*)  ~ Hk-I(S/R), which completes the 

proof  of lemma 8, and theorem 7. 
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